TANNAKIAN APPROACH TO LINEAR DIFFERENTIAL 
ALGEBRAIC GROUPS 



ALEXEY OVCHINNIKOV 



Abstract. Tannaka's Theorem states that a Hnear algebraic group G is de- 
termined by the category of finite dimensional G-modules and the forgetful 
functor. We extend this result to linear differential algebraic groups by intro- 
ducing a category corresponding to their representations and show how this 
category determines such a group. 



1. Introduction 

Given a linear algebraic group G, a rational representation (or finite dimensional 
G-module) is a finite dimensional vector space V together with a morphism py : 
G — > (jL{V). The collection of such objects forms a rigid, abclian, tensor category 
and Tannaka's theorem ([131 Theorem 1],:4, Theorem 2. 11], [14, Theorems 2.5.3 
and 2.5.7]) states that one can recover the group G as an afRne variety together 
with the morphisms corresponding to multiplication and inverse (or equivalently, 
its coordinate ring and its structure as a Hopf algebra) from the knowledge of this 
category Repg and the forgetful functor from Rep^ to finite dimensional vector 
spaces. 

In this paper, we consider linear differential algebraic groups (or, shorter, linear 
9-k-groups). These are groups of invertible matrices with entries in a differential 
field k of characteristic with derivation d that are, in addition, differential va- 
rieties, that is, they are defined by the vanishing of differential polynomials. A 
representation of such a group is a finite dimensional vector space V over k to- 
gether with a differential polynomial morphism from G to GL(V^). If if is a 9-field 
containing k then one can talk about A'-points G{K) of the group G. In such a 
way we obtain a functorial definition of a linear differential algebraic group, which 
we give in Section [3.2l In the preceding sections we view such a group as a Kolchin 
closed subset of , where U is a, semi- universal 9-extension of the ground 9-field 
k. 

The study of these groups and their representations was initiated by Cassidy in 
[TJ[5]. In this paper, we introduce differentiation on vector spaces (a "prolongation" 
functor) over 9-fields such that representations of G correspond to this construc- 
tion. We then show that for a linear differential algebraic group G, the category 
of objects corresponding to its representations completely determines G as a differ- 
ential variety together with its morphisms for multiplication and inverse, that is, 
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we show that one can recover its differential coordinate ring together with its Hopf 
algebra and differential structure. 

The rest of the paper is organized as follows. Section [5] gives formal definitions 
and properties of linear differential algebraic groups. In Section |3l we introduce the 
category V and show how a representation of a linear differential algebraic group 
corresponds to an object of V. In SectionlH we give various representation theoretic 
properties of the objects of V as well as some consequences (e.g., any representation 
can be constructed from a faithful representation using the operations of linear 
algebra and the prolongation functor). We then show in Scction[5]how to distinguish 
linear algebraic groups among all differential algebraic groups using our method of 
differentiating representations. In Section[6l we show how to recover the group from 
its associated category. Although for convenience we do most of the computations 
in the ordinary case, everything goes through for the partial differential case. The 
definition of the corresponding category is given in Section [71 

We note that the categorical approach to representations of linear algebraic 
groups leads to the theory of Tannakian categories. This theory has found many 
uses and, in particular, one can develop the Galois theory of linear differential equa- 
tions using this categorical approach. Recently, a theory of parameterized linear 
differential equations has been developed by Cassidy and Singer |3j where the Ga- 
lois groups are linear differential algebraic groups. The category V defined in this 
paper was motivated by a desire to give a similar categorical development of the 
Galois theory of parameterized differential equations. This program is now realized 
in the paper [10]. 

2. Basic definitions 

2.1. Differential algebra. A A-ring R, where A = {di, . . . , dm}, is a commuta- 
tive associative ring with unit 1 and commuting differentiations di : R ^ R such 
that 

d,{a + 6) - d,{a) + d,{ab) = d,{a)b + ad,{b) 

for all a, 5 e i?. If k is a field and a A-ring then k is called a A-field. We restrict 
ourselves to the case of 

chark = 0. 

If A = {d} then a A-field is called a 9-field. For example, Q is a 9-field with a 
unique possible differentiation (which is the zero one). The field C(i) is also a d- 
field with d{t) — /, and this / can be any rational function in C(t). For simplicity, 
we will mostly discuss the case of A = {9} in this paper and come back to the 
general case of m commuting differentiations in Section [T] Let 

Since d acts on a 9-ring i?, there is a natural action of O on R. 

A non-commutative ring R[d\ of linear differential operators is generated as a 
left i?-module by the monoid 8. A typical element of R[d] is a polynomial 

n 

D = ^a,d\ a, E R. 

i=l 

The right i?-module structure follows from the formula 

d ■ a — a ■ d + d{a) 
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for all a £ R. We denote the set of operators in R[d] of order less than or equal to 
p by R[d]^p. 

Let i? be a i9-ring. If B is an i?-algebra, then B is a i9-i?-algebra if the action 
of 9 on B extends the action of d on R. If i?i and i?2 are 9-rings then a ring 
honiomorphism (/? : i?i — > i?2 is called a 9-homomorphism if it commutes with 9, 
that is, 

Lp o d ~ d o ip. 

We denote these homomorphisms simply by Hom(i?i, i?2)- If Ai and A2 are d- 
k-algebras then a 9-k-homomorhism simply means a k[9]-homomorphism. Let 
Y = {yi, . . . , Un} be a set of variables. We differentiate them: 

QY {d'yj \ i G Z;,o, 1 J sC n} • 

The ring of differential polynomials R\Y^ in differential indeterminates Y over 
a 9-ring R is the ring of commutative polynomials R^Y\ in infinitely many al- 
gebraically independent variables &Y with the differentiation 9, which naturally 
extends 9-action on R as follows: 

for all i G Z^o and 1 < ^ n. A 9-k-algebra A is called finitely 9-generated over 
k if there exists a finite subset X = {xi, . . . , C A such that A is a k-algebra 
generated by QX. 

An ideal / in a 9-ring R is called differential if it is stable under the action of 9, 
that is, 

9(a) G / 

for all a G /. If F C i? then [F] denotes the differential ideal generated by F. 
If a differential ideal is radical, it is called radical differential ideal. The radical 
differential ideal generated by F is denoted by {F}. If a differential ideal is prime, 
it is called a prime differential ideal. 

2.2. Linear differential algebraic groups. We shall recall some definitions and 
results from differential algebra (see for more detailed information [HIS]) leading 
up to the "classical definition" of a linear differential algebraic group and its rep- 
resentative functions. Later in the paper we will give a Hopf-theoretic treatment 
and provide an equivalent definition in terms of representable functors. 

Let k C Z// be a semi-universal differential field over k, that is, a differential field 
such that if ii' is a differential field extension of k, finitely generated in the differ- 
ential sense, then there exists a k-isomorphism of K into U . We will assume that 
all differential fields we consider are subfields of U (the Hopf-theoretic treatment 
will not use semi- universal differential extensions) . 

Definition 1. For a differential field extension i^T D k a Kolchin closed subset 
W{K) of over k is the set of common zeroes of a system of differential algebraic 
equations with coefficients in k, that is, for /i, . . . , G k{y} we define 

WiK) = {a G i^" I /i(a) = . . . = fk{a) = 0} . 

There is a bijective correspondence between Kolchin closed subsets W of 
defined over k and radical differential ideals T-{W) C k{yi, . . . ,y„} generated by 
the differential polynomials fi, ■ ■ ■ , fk that define W. In fact, the 9-ring k{F} is 
Ritt-Noetherian, meaning that every radical differential ideal is the radical of a 
finitely generated differential ideal, by the Ritt-Raudenbush basis theorem. Given 
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a Kolchin closed subset W of iY" defined over k we let the coordinate ring k{W} 
be: 

k{W} = k{yi,...,y^}/l{W). 
A differential polynomial map ip : Wi — > W2 between Kolchin closed subsets 
of W", defined over k, is given in coordinates by differential polynomials from 
k{?/i, . . . , ?/„}. To give ip : W\ W2 is equivalent to defining ip* : k{W2} k{W^i}. 

Definition 2. HI Chapter II, Section I, page 905] A linear differential algebraic 

group (or hnear 9-k-group) is a Kolchin closed subgroup G of GL„(W), that is, an 

2 

intersection of a Kolchin closed subset of with GL„(W), which is closed under 
the group operations. 

Note that we identify GL„ (14) with a Zarisky closed subset of iY" given by 

{{A, a) I (det(A)) - a- i = 0} . 

If X is an invertible n x n matrix, we can identify it with the pair (X, 1/ det(X)). 
Hence, we may represent the coordinate ring of GL„(i^) as 

k{X,l/det(X)}. 

Denote GLi simply by Gm- Its coordinate ring is k{?/, 1/y}, where y is a differential 
indeterminate. 

Definition 3. [2\ A differential polynomial group homomorphism p : G ^ GL(y) 
is called a differential representation of a linear differential algebraic group G, where 
is a finite dimensional vector space over k. Such space is called a differential G- 
module. 

A Hopf algebra A is a commutative associative algebra together with comulti- 
plication IS. : A ^ A ® coinverse S : A ^ A, and counit e : A — > k satisfying 
certain axioms [l4l 2.1.2]. In [151 page 23] representations of an algebraic group G 
are viewed as comodules over the Hopf algebra A of regular functions on G. In Sec- 
tion [3] we will develop a similar technique to look at differential representations as 
differential comodules (Definition [7]) over differential Hopf algebras (Definition [5]). 

Following [15[ page 5] one interprets algebraic groups as representable functors 
from the category of k-algebras to groups, that is, there must be a k-algebra A such 
that for any k-algebra B the -B-points of G, denoted by G{B), are just Hom(yl, B). 
Then jTSl Theorem, page 6] says that natural maps from one group G to another 
one G", viewed as functors, correspond to the algebra homomorphisms A' — > A. We 
will develop this in differential setting in Section 13.21 not assuming that all 9-fields 
we consider are subfields of U. 

2.3. Representative functions. Let W C Z^" be a Kolchin closed subset defined 
over k. We define k(PF) to be the complete ring of quotients of k{M^}, that is 
k{VF} is localized with respect to the set of nonzero divisors. We note that k(VF) 
is clearly a 9-ring. 

A linear differential algebraic group G{U) acts on the rational functions U{G) = 
U®'k.{G) by right translations (see [H page 901], [H page 227]). We will define this 
independently of U later on in formula ([3]) of Section 14.11 According to [2 page 
227] the functions whose orbit generates a finite dimensional vector space are called 
representative functions. Note that the representative functions form a 9-k-algebra, 
which we denote by R{G). By ([21 page 230, Theorem]), R{G) = U{G}. 
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We show how these functions (and, hence, the algebra) can be connected with 
finite dimensional differential representations of G. Let y be a vector space over 
k of dimension n and let p : G — > GL(y) be a representation of G. The im- 
age group H has coordinate ring 'k{H}. The 9-k-algebra k{i/} is a quotient 
of k{GL„} = k{X,l/ det{X)}. Let Z be the image of X in k{H} with re- 
spect to this canonical homormorphism. Then, p induces a 9-k-homomorphism 
p* : k{77} kjG}, mapping the entries of Z onto elements ipij called coordinate 
functions of p. 

Proposition 1. Representative functions are the same as the coordinate functions 
of finite dimensional representations ofG. 

Proof. Let p : G ^ Gh{V). Let also (pij be a coordinate function of Gh{V). We 
have 

G — ^ GL(y) U 
According to [2l Corollary 1, page 231] we have ipij ope h({G}. By [2l Theorem, 
page 230] we have R{G) = 1({G}. We show that any / e R{G) is of the form 
tpij o pf for a finite dimensional representation pf of G. 

Take any / G R{G) and consider its G-orbit Gf =: V, which is finite dimensional, 
under the action p : G ^ GL{U {G}) with 

Pi9)if){x) ^ fixg). 

Let V be spanned by {/ = /i, . . . , fn} over U. So, 

n 

P(5)(/i) = E^'(5)/.- 

i=l 

Evaluating the last equality at the point e G G for all 5 G G we get 

n 

/(5) = (p(<?)(/))(e) = Ec'(5)-/.(e). 

It remains to change the basis which correspond to the conjugation of the repre- 
sentation matrices. Assume that /i(e) ^ 0. A conjugation matrix is 

/hie) /2(e) /3(e) ... /„(e)\ 
1 •■• 
1 ••• 

V ••• 1 / 

If B{g) is a representation matrix then it goes to CB{g)G~^ under such a change of 
coordinates. Thus, we have obtained the function f{g) as a coordinate function of 
some finite dimensional differential representation of the linear differential algebraic 
group G. □ 

In the following we will eliminate semi-universal 9-extensions of k by using a 
functorial approach. 

3. The category V and representations 

We start with introducing a differentiation functor on finite dimensional vector 
spaces and investigate its essential properties. 
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3.1. Definition. 

Definition 4. The category V over a (9-field k is the category of finite dimensional 
vector spaces over k: 

(1) objects are finite dimensional k- vector spaces, 

(2) morphisms are k-linear maps; 

with tensor product 0, direct sum ®, dual *, and additional operations: 

-.V^V^P^ :=k[(9]^p®F, 

which we call differentiation (or prolongation) functors. If </? £ Hom(V, W) then we 
define 

Remark 1. Note that k[9] is a non-commutative k-algebra, so in this tensor product 
we think of k[9] as a right k-space and V a.s a. left k-space. 

Remark 2. If {wi, . . . ,w„} is a basis of F then {vi, . . . , w„, . . . , 9'' (g) ui, . . . ,dP^Vn} 
IS a basis of V'-P\ 

We denote d v simply by dv. 

3.2. Linear differential algebraic groups. In the following Section [?751 we will 
introduce another definition of a differential representation of a linear differential 
algebraic group (see Definition [7]) . For this purpose we will view linear differential 
algebraic groups as representable functors from the category of i9-k-algebras to 
groups (see ([2])). So, throughout this section we are defining a linear differential 
algebraic group not as a subgroup of GL„(Z^) but functorially. 

We take a Hopf-theoretic approach to the study of linear differential algebraic 
groups as in [2]. Let A be a (finitely generated) 9-k-algebra. Following \2_, page 
226] one defines the set 

G{U) = Hom(A,Z^), 

where U is the semi-universal differential field as before, to get G{U) back from A 
as a Kolchin closed subset of U"^ . Assume that A is supplied with the following 
operations: 

• differential algebra homomorphism m : A ® A A in the multiplication 
map on A, 

• differential algebra homomorphism IS. : A ^ A ® A, which is a comultipli- 
cation, 

• differential algebra homomorphism e : A k, which is a counit, 

• differential algebra homomorphism S : A ^ A, which is a coinverse. 

We also assume that these maps satisfy commutative diagrams (see page 225]): 
A ^ > A® A A ^ ) A® A A ^ > A(E)A 

7no[S<SiidA) 

A®A^^^A(E)A(E)A A ~ ■ A(E)k k ^ > A 

Definition 5. Such a commutative associative 9- k-algebra A with the unity and 
operations m, A, S, and e satisfying axioms ^ is called a differential Hopf algebra 
(or Hopf d-h-algebra). 



(1) 



A 



idA ® A 
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Remark 3. Introduced in this way G{U) with operations corresponding to A, S, 
and e is not only a Kolchin-closed subset of some but a group at the same time. 
Indeed, the group muhiphcation is defined in the usual way: 

(i^i • ip2){a) ■■= ifi i^2)(A(a)) 

for all (pi,(p2 G IIom(A, W) — G(U) and a e A; the group inverse is given by 
a similar formula. Moreover, all these operations are continuous in the Kolchin 
topology (see [T] for proofs). Finally, since A is 9- finitely generated, the differential 
algebraic group G{U) is linear [TJ Proposition 12, page 914]. 

Recall that a linear 9-k-group G is defined by a system of differential polyno- 
mial equations F = with coefficients in k or by the radical differential ideal / 
of k{yi, . . . , ?/„} generated by F (see [1, page 895]). If we represent ^ / — > 
kjyi, . . . , yn} ^ ^ ^ then we can consider the group in a (3-k-algebra B, that is, 

G{B) = Homk[a](A,S) =: Hom(A,B). 

Note that here B is not necessarily a subring of U. For convenience we gather all 
such G{B) and form the following representable functor 

(2) G : {a-k-algebras} ^ {Groups}, B ^ Homk[a] {A, B), 

which we call the affine differential algebraic group defined by A. 

Among all differential algebraic groups we distinguish the differential general 
linear group. Consider a finite dimensional vector space V over k of dimension m. 
We define GL {V) by the functor 

GL {V):B^ Homk[a] (k{Xii, . . . , X™„„ 1/ det}, B). 

One may consider GL {V) [B) as the set of m x m invertiblc matrices with coeffi- 
cients in the 9- k- algebra B. 

Example 1. Recall, that the coordinate ring of Gm is kjy, 1/y}. Its 9-k-IIopf 
algebra structure is given by 

A(y) ^y®y, 
S{y) = i/y. 

These maps are 9-homomorphisms. Therefore, 

A(ay) = a(A(y)) ^ dy(^y + y®dy, 
S{dy) = d{S{y)) = d{lly) = -dyjy" 

By differentiating these expressions further one gets the action of A and S on higher 
derivatives of y. 

Example 2. The differential additive group Ga is represented by the 9-k-Hopf 
algebra kjy} with 

A(af y) ^d^y®\ + \® dPy, 
SidPy) - i-ir+'y 

for all p G Z^o- 
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The linear differential algebraic groups we defined earlier correspond to sub- 
groups of GL(V^). Unlike the situation for algebraic groups, there are afBne dif- 
ferential algebraic groups that are not isomorphic to linear differential algebraic 
groups (see [H page 911]). 

Morphisms of differential algebraic groups then in our sense are morphisms of 
their representahle functors. We need the following result (a corollary of Yoneda's 
Lemma) from the theory of categories to see that this corresponds to the morphisms 
of algebras defining the groups. 

Lemma 1. [TTl Corollary 2, page 44], [51 30.7, Corollary, page 224] Let C he a 
category such that Hom(^, _B) is a set for all objects A, B of C. Let E and F be 
functors from the category C to the category of sets represented by some objects A 
and B, that is, E = Hom {A, _ ) and F — Horn (_B, _ ). Then morphisms of functors 
E and F correspond to homomorphisms of B and A. 

It remains to note that the category of (3-k-algebras satisfies the assumptions of 
Lemma [1] 

3.3. Representations. We will take a careful look at differential representations 
of a linear differential algebraic group G. These are differential algebraic group 
homomorphisms 

$ : G GL (T/) Aut (V) 
for some finite dimensional k-vector space V. 

Remark 4. Here, G and G'L{V) are considered as functors whose points vary with d- 
k- algebras as it was explained in Section [321 As mentioned earlier, G is determined 
by its Z//-points and we can identify the two concepts: G{U) and G. If k is a 
differentially closed field then G(k) determines G and one does not need to look at 
G{U). 

By Lemma [1] the morphism $ corresponds to the homomorphism of the (9-k- 
algebras. In [2| a representation of the group G defined over k is a rational differ- 
ential algebraic group homomorphism 

G{U)^GL{V) (U). 

But such a morphism is a differential polynomial map by [2| Corollary 1, page 231] 
and so corresponds to a homomorphism of the associated 9-k-algebras. Hence, we 
can freely use our language of functors. 

Definition 6. For a linear differential algebraic group G an object V G Oh{V) 
together with a natural map of group functors ry : G — » Aut(T^) which is a group 
homomorphism is called a differential G-module. The map ry is called a 9-k- 
representation of G in V . 

3.4. Differential comodules. We are going to restate this in the language of 
comodules which we introduce now. For this we define a differential analogue of an 
algebraic comodule. Let A be a differential Hopf algebra. 

Definition 7. A finite dimensional vector space V over k is called an A-differential 
comodule if there is a given k-linear morphism 



p:V ->V ®A 
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satisfying the axioms: 

V — ^ V®A V — ^ V(^A 

idv ®A idv idv ®e 

V®A V®A®A V -^^^ V^k 

together with the prolongation of p on V^^'-* commuting with d. 

The definition and correctness of the prolongation are given in Theorem [1] and 
Lemma [2l which follows the theorem. We will show that A-differential comodules 
are in one-to-one correspondence with differential G-modules, where G is the functor 
represented by A. 

3.5. Equivalent definitions of differential representations. 

Theorem 1. Let A be a d-k-Hopf algebra and G be the linear d-k-group (d-k- 
group functor) represented by A. Let V be an object in V. Then, there is a bijective 
correspondence between the set of d -representations from G into GL(T/) and the 
set d-A-comodule structures 

p:V ^V®A 

on V . If {vi, ...,!)„} is a basis of V then in coordinates we have 

n n 
P^'"j) = y^^i ® Ojj, A(ay) Oir® Orj. 



Moreover, 



1=1 r=l 



n P / \ 



i=l q=0 

gives a prolongation of p on for all p £ Z^i. 

Proof. The representation <I> is a morphism of group functors G Aut(V^). Accord- 
ing to [151 Theorem, Section 3.2] such a representation $ of the affine group scheme 
G corresponds to the k-linear map p with the following commuting diagrams: 

V — ^ V®A V — ^ V^A 

|p |idvi8)A idv idv ®e 

V(E>A V(S)A(E>A V — =^ V ®k 

More precisely, the map p comes from the restriction of the A-linear map 

$(idA) ■.V®A^V(»A 
to y k = V. By [151 Corollary, Section 3.2] we have 

n n 

p{vj) = E ® '^y ' = E ® '^'■J - 

i—1 r—1 

Let us demonstrate the last differential identity. We have 

^{idA) e HomA(V" (g, A,V (E) A) 



10 



ALEXEY OVCHINNIKOV 



and <i>(idy!i) can be extended to a map V^^^ (g) A ^ V^^^ (g) A commuting with the 
9-structure. The first step gives us the following: 



Vj (g) 1 > avj ® 1 



$(idA)=p 



$(idA)=p 



i=l 1=1 

The formula for higher order derivatives can be obtained by induction. This, indeed, 
makes y^^^ an ^-comodule (see Lemma [2]). 

On the other hand, having such a p : V ^ V ^ A one extends it by the A- 
linearity to pA ■ V ® A ^ V ® A and then to V^p'> ® A V'^p'> A commuting with 
the 9-structure (see Lemma [2] for correctness). Consider a 9-k-algebra B. For any 
g G Homj.jg] {A, B) in G{B) we have the following commutative diagram: 

V^A V®A 

V®B V®B 

meaning that $(51) is determined by (idy ®g) o p using _B-linearity of ^{g), where 
p is the restriction of pA ■= $(idA) to V. Since (f>(idA) is constructed so as to 
preserve the 9-structure, the map ^{g) does the same thing, since g is a 9-k-algebra 
honiomorphism A B. Indeed, take w = Cid^Vi. Then 

<^{g){v) = (idy ®g) o $(id^) (^ca'i-,) (idy®5)9'($(idA)(t.,)) = 

= ^Ci- (idy ®g)d'- {'^Vj® bji = 



^ C. • (idy ®5) I E E ( J ^'■"^ ^ ^^"'^^^■^ I = 
. j = l r=0 



E^MEE J^^-.^^^""ff(M 

^j = l r=0 ^ ^ 

= Ec«^^ |^E^.®.9(fe.oj =5]c.9X'i>(5)K))- 

Here we denoted $(idA)(wi) = "^j f'^'' some elements bij E A. From this it 

follows that 

$(5) eHomk[a] (k{Xii,...,X„„,l/det},B). 

This finally establishes a bijection between differential representations and differ- 
ential comodulcs. □ 

3.6. Prolongation of representations. Let G be a linear differential algebraic 
group represented by A and p : G ^ GL {V) be its differential representation. 
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Lemma 2. The action ofG on each y*^*^ is algebraic, that is, F'-'^ is an A-comodule 
for all i ^ 0. 

Proof. We have a differential algebraic action on V. Let {vi, . . . , e„} be a k-basis 
of V. For p : V V (S^ A from Theorem [T] we have 



p{vj) = ^Vi(^aij, 

n 



r=l 



r=l g=0 ^'^^ 
n P / \ 

p{dPv,) = = EE f ® (S^'-'a.,,). 

z=l 5=0 



One can show by induction that if i? = (ai.j)i'j=i is the "representation" matrix 
for G GL (V) then for a fixed number i ^ we have 



B, := 



/ B 

'l)-Bt B 

2) • Btt ) ■ Bt B 

\ B,. 








is the one for G ^ GL (F(')), where B^k means the matrix (^d'^aij) . . . 

It remains to show we do have a group action. Let us do this. The ordered basis 
of is 

{d'vi, . . . ,a*w„,(9'"^ui, . . . ,9*~^u„, ...,vi,.. .,«„}. 
By induction, using the facts that Bi has: 

(1) i? on the main diagonal, 

(2) above the main diagonal, 

(3) derivatives of B below the diagonal, 

we conclude that the only part of matrix we need to take care of is the set of first 
n columns. Let 1 ^ q ^ n and n-m+l^p^n - (to + 1). We have: 



9™ E ^p-™-"^' ® 



l.q 



a=i 



EE 

n 7n 

EE 

1=1 r=0 



•m — r I \r 
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because 

/ i \ /m\ z!m! (i — r)!i! 

\mj\rj ml{i — m)lr\{m — r)l (m — r)!(i — m)!r!(i — r)! 

and this is exactly what we needed. □ 

4. Essential properties of differential representations 

In the foUowing we wiU use different equivalent definitions of differential represen- 
tations of a linear differential algebraic group. Summarizing the previous sections, 
we see that a differential representation V £ Oh{V) of a linear differential algebraic 
group G with Hopf algebra A can be defined in the following ways: 

• by a differential morphism G{h{) — > GL (V) iU) (Section [3^ : 

• by a natural map of group functors G Aut(y) (Definition [6|) ; 

• by a differential v4-comodulc structure on V (Definition [71 Theorem [T]) . 

Differential representations of G form a category which we denote by Repg. The 
objects C'b(RepQ) are the underlying vector spaces. If V, S C'b(RepQ) and 
ry ■ G GL(y) and rw ■ G — > G'L{W) are the corresponding representations 
then IIom(y, W) consists of those k-linear maps between V and W that commute 
with the action of G. 

4.1. Recovering representations. Let G be a linear differential algebraic group 
with A := klG} and G Aut(V^) be its faithful representation. The (9-coalgebra 
structure on A makes A a d-A comodule: 

(3) PA A : A^ AiS, A 

called the regular representation of G. 

Lemma 3. Every finite dimensional differential representation rjj : G ^ GL(J7) 
embeds in a finite sum of copies of the regular representation of G. 

Proof. Denote M = U ® A. Then M is a differential comodule with 

idj/ (X)A : M ^ M ® A. 

Since (id OA) o p = (p id) o p, the map p -.U ^ M \s a. map of A-comodules. It 
is injective, because v — (\d®e) o p{v). Finally, M = A'^™'^'^^. □ 

Proposition 2. Every differential representation U of G is a subquotient of several 
copies of a G-module 

Proof. Fix a basis {ui, . . . ,Um} of U. By Lemma |3] the representation U is an 
A k{G}-subcomodule of 

t/ (g) yl (ui A) © . . . © (um (g) A) = A™. 

Consider the canonical projections tt^ : A™ A, which are G-equivariant maps 
with respect to the comultiplication A : A — > A ® A. Since U C A™, we have 

m 

f/C07r,(t/) 

1=1 

and each TTi{U) is a G-module, because tt^ is G-equivariant. 
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Consider the following surjection 

tt:B:= k{Xii, . . . , X„„, 1/ dot} A ^ 0. 

Since tt^ ([/) is a finite dimensional G-subspace of A, there exist numbers r,s,p £ 
Z^o such that Hi (U) is contained in 7:{Lr.s,p), where 

Lr^s.p ■■= {1/ day {fix,,) I deg(/) ^ s,ord(/) 

There is a _B-coniodulc structure on B given by 

n 

1=1 

n 

A{dX,^) = Y,ii9X^i) ® Xi^ + Xa ® {dXij)) 
1=1 

and Lr,s,p is a i3-subcomodule of B, because of 

n 

A{XijXpg) — ^ XiiXpr XijXrq 
Lr=l 

and Lemma [H We then have that Lr,s.p is also an A-subcomodule of B. Hence, 
each ni{U) is a subquotient of some Lj. g p. Thus, we only need to show how to 
construct these L^ g.p- 

Fix a basis {ui, ...,«„} oiV. We have a _B-comodule V with respect to 



4=1 

For each i, 1 ^ i ^ n, the map Lpi : vj Xij is GL„ (hence, G)-equivariant, 
because 

(n \ n 

^ ® ^ij = ^ Xi; (g) = A{Xij) = pB{ipi{Vj)) 
1=1 ) 1 = 1 

and both p and A preserve the product rule with respect to d. 

Consider the space of linear polynomials io,i,)9 in the variables {Xij\ and their 
derivatives of order up to p. An element / of such a space is of the form 

n p 

where Cij G k. As it has been noticed above this space is an A-subcomodule of B. 
The map (iy9i, . . . , (/?„) gives an A-comodule isomorphisms between the nth power 
{y^P)^ of the pth derivative of the original representation of G and Lo,i.p- Hence, 
one can construct io,i.p. 

Consider any s £ Z^2- The G-space io,s,p is the quotient of (io.i.p)*^* by the 
symmetric relations. So, we have all io.s,p- Let now s = n ~ dimt V. Then the 
one-dimensional representation dot : G — > k with g ^ det(f;) is in LQ^n,p- For / G k* 
we have 

det(g)(/)(x) = f{x/det{g)) - ^^^/C^)- 

Thus, 

Lr,s,p = (det*)®'' (E) Lo,s,p, 
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which is what we wanted to construct. □ 

4.2. Example. We will show how Proposition [5] works step by step. 
Example 3. Consider the differential representation p : Gm Ga by 



G^3y^y^ J' j G Ga . 

So, the underlying vector space [/ is k^. The representation p corresponds to the 
map of 9-k-algebras 

p* : B := k{Xn,Xi2,X2i,X22,l/det} ^ A := k{y,lM ^ 

with 

Xii ^ i,Xi2 ^ y' Id, 

X21 I— » 0,^22 ^ 1. 

Take the standard basis {ui, U2} of k^. We then have p : U ^ U A given by 

p{ui) = Ul ® 1, 

P{U2) Ml ® (y'/y) + M2 «) 1- 

So, as an yl-comodule 

k^ C span^ {ui (g) 1, ui ® {y'/y)} ® span^ {{u2 ® 1} . 
Hence, it is sufficient to construct span^. {ui (g) {y'/y)} or, equivalently, 

f y' 

W := span^ < 1, — 

I y 

Consider the _B-subcomodule io,i,o of linear polynomials in Xn, X12, X21, X22 with 
coefRcients in k which is also an A-subcomodulc of B. The yl-comodule W is 
contained in the image of io,i,i with respect to p*. Hence, is a subquotient of 
Lo,i,i- The A-comodule ivo,i,i is constructed as follows. It is enough to get Lq^i^q, 

as io,i,i = (io4,o)*'^^. 

The group Gm has a representation onV = span^.!?;!, ^2} as 

vi 1-^ vi (S) y, 
v2<Si y. 

Consider the two A-comodulc maps 

ipi -.Vl^ Xii, V2 l-> Xi2, 
ip2 ■■ Vi ^ X21, V2 ^ X22- 

The map {ipi,ip2) provides an A-comodule isomorphism between V'^ and Lo,i,o- 
Summarizing, we need to take the 4th power of the original faithful representation 
of Gm on k, compute several subquotients, and then sum up (©) the result, take 
a subrepresentation, and differentiate to obtain the representation p. 
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5. Linear groups of constant elements 

Let k be a differential field of characteristic zero with field of constants C. We 
say that H is a group of constant matrices if it is a subgroup of some GL„(C). 

Proposition 3. A linear differential algebraic group G C GL(1/) is conjugate to 
a group H C G'L{V){C) of constant matrices iff 

k ® = ic <8) ® K,^ 

for all p ^ 1, where V is a faithful representation of G, Vi = V, and k is the 
differential closure o/k (see, for instance, [3, page 120] J. 

Proof. Let {vi, . . . be a k-basis of V. Assume that there exists a matrix D G 
GL„ (k) such that 

D-^GD = H. 

For 5 G G let Ag be the corresponding matrix with respect to the basis {vi, . . . , 
The matrix of g with respect to the basis 

(Wi, . . .,Wn) = {Vi, . . . ,Vn) ■ D 

is given by 

Bg = D-^AgD. 

Hence, Bg e GL„(C). We have 

g-idP d) w^) (i){g■w^) ^d(gi {BgWi) = Bg{d Wi). 

Thus, 

k (g) y'^-' — spanj^jwi, . . . , Wn} © ... © spanj^{<9^ ® wi, . . . ,8^ ® w„} = 
= k ® © F,^ , 

where Vi = span^{9* © wi, . . . , 9* (g) w„}. 
Conversely, let 

k©T/(i) = (k©t/)©yi, 

where Vi = k © V. Choose bases {ui, . . . , ti„} and {wi, . . . , w„} in 1/ and Vi, re- 
spectively. There exists a matrix A G M(2 ri)xn(k) such that 

(9 © ui, . . . , 9 © u„) = (wi, . . . ,D„, wi, . . . , w„) ■ A. 

For a matrix B G GL„ (k) we have 

d © ((wi, . . . , i;„) • S) = (9 © (wi, . . . , «„)) ■ B + {vi,...,Vn)- d{B) = 

= {Vi, ...,V„,Wi,.. .,Wn) ■ AB + {vi, ...,Vn)- d{B). 

We will first show that there are n x n invertible matrices B and D such that 
(4) d®{{vi,...,Vn) ■ B) = (wi,.. .,w„) ■ D. 

It follows then that 
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Let A= ("^j ■ We then obtain the foUowing system: 



(5) 



dB = -AiB; 
A2B = D. 



Since the field k is differentially closed, there exists a matrix B G GL„ (k) satisfying 
the first equation of system Now, equation ([4]) forces D to be invertible as well, 
as the dimension of the span oi d ® ((wi, . . . , f„) • B) is equal to n. 
Let 

(Ul, . . . ,U„) = (Wi, ...,Vn)-B. 

Consider g £ G and its matrix Ag ~ (fly) with respect to the basis {ui, . . . ,Un}- 
For each j, 1 ^ ^ n, we have: 

(n \ n 

1=1 / i=l 

By the construction, the space 

span,;. {9 ui, . . . , 9 ® u„} 

is G invariant. This implies that d{aij) ~ for all i and j, 1 ^ i,j ^ n. Thus, 
Ag e M„(C). □ 

Corollary 1. A linear differential algebraic group G C GL(V^) is differentially 
isomorphic over k to an algebraic subgroup of some GLm(C') if and only z/ there 
exists a faithful representation W of G such that 

k^VF^i) = \^®{W®Wi), 

where Wi = W as differential representations of the group G. 

Proof. Let k W'^^^ = k {W © Wi). The representation morphism rw ■ G 
GL(VF) is a differential algebraic group homomorphism and is a differential iso- 
morphism between G and the image rwiG). By Proposition [3] the group r\Y{G) is 
conjugate to a group of matrices with constant coefficients. Composition of this 
isomorphism with rw gives the desired differential algebraic group isomorphism. 

Let now G be differentially isomorphic to a subgroup of GLm(C'). This gives a 
faithful representation W of G. Moreover, since the matrices have constant entries, 
weha.ve'k(S)W''^'^ =ii(E) {W ®W). □ 



6. Tannaka's theorem for linear differential algebraic groups 

In this section we will show how one can recover a linear differential algebraic 
group knowing all its representations. For this we first prove Tannaka's theorem 
(Theorem [2]) . Then using this fact we reconstruct the differential Hopf algebra of 
functions on the group in Sections 16.31 and 16.41 Parts of the proof closely follow 
[l4l Section 2.5]. The novelty lies in the fact that we can recover the differential 
structure on the Hopf algebra. 
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6.1. Preliminaries. Let G be a linear differential algebraic group with the Hopf 
algebra A := k{G}. Note that A is also a locally finite G-module with the action ([3|) 
by [H Theorem, page 230]. Let uj : Repg. ^ V be the forgetful functor. 

Definition 8. For a 9-k-algebra B we define the group Aut®'^(w)(B) to be the 
set of sequences 

X{B) = {Xx I X e C'b(RepG)) e Aut®^^(w)(S) 

such that Ax is a i?-linear automorphism of iLj{X) ®B for each G-space X, u){X) e 
Ob(V), that is, Ax e AutB(a)(X) ® B), such that 

• for all Xi, X2 we have 

(6) Xxi^X2 = ^Xi ® Axa, 

• Ai is the identity map on 1_ ® 5 = S, 

• for every a £ HomG(X, y) we have 

(7) Ay o (a ids) = (a (g) ids) oAx : X ^ B B, 

• for every X we have 

(8) doXx = Xx(i) o d, 

• the group operation Xi{B) ■ X2{B) is defined by composition in each set 
AutB(w(X) ® B). 

Aut®'^(a;) is a functor from the category of 5-k-algebras to groups: 

Aut®'^(w)(B). 

Any g G G{B) determines an element A^ S Aut®'^(w)(i3), because if X G C'b(Repe) 
and $B : G{B) — > GL(w(X)(8)B) then <I>(5') is a S-linear automorphism of w( AT) 05 
and the property ([7]) is satisfied by the definition of G-equivariance of a. So, we 
have a morphism $ of functors 

G ^ Aut®^^(t^), g G G(S) $(.9) G Aut®'^(w)(B) 

for any (9-k-algebra B as for any cp : Bi ^ B2 we have the following commutative 
diagram: 

G(Si) Aut^'^(w)(Bi) 

|g(v) jAut^-^MM 

G{B2) Aut®^^(u;)(B2) 
where G(iy9) and Aut^ {uj){ip) denote the morphisms 

[^:A^Bi]^ [G{ip)i^j) ^ipo^p-.A^ B2]; 

[X{Bi) = (Ax(Bi) : io{X) (g) Bi ^ uj{X) Bi)] ^ 
Aut«'^HM(A(Bi)) =A(B2) = 

= ((id..(x) ^V?) ° Ax(Bi) : ® B2 -> w(A-) ® S2)] , 

respectively. The latter means that we take the restriction of Xx{Bi) to uj{X) and 
map it to tt'(Ar) (g) i3i and then apply idj^(x) ®</5 mapping it to uj{X) ® ^2. At the 
end we prolong such a map to lli{X) (g) B2 by i32 -linearity. 
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6.2. The theorem. 

Theorem 2. For a linear differential algebraic group G let u) : Rep^ — > V 6e the 
forgetful functor. Then 

G ^ Aut®'^(w) 

as functors. 

Proof. (Following [Ml Theorem 2.5.3] with differential modification) Since g ^ G 
determines an element of Aut^'^ (ui), we only need to show the converse. Let B be 
a 9-k-algebra and (Xx) G Aut^''^ {uj){B). Let V G Ob(RepQ) not necessarily finite 
dimensional but locally finite. This means that every vector v V is contained in 
a differential G-module W with dimk < oo. 

We will show that for given B, A, and a locally finite differential G-module V, 
there exists a i3-linear automorphism of V (S> B (denoted by Xy) such that the 
properties (O, jT]), and fH]) are satisfied and for any W C V we have Ay|^^ = Xw- 
For V €V we take W € Ob(RepQ) such that v €W and dimk < oo. 

First, define Ay(w) := Xw{v)- We need to show the correctness. Let W be 
another representation such that v € W . Consider the G-module W fl W 9 Gv. 
From ^ it follows that 

Xw'{v) = Xwnw'{v) = Xw{v). 

Since each Xw is invertible and linear, the map Ay is also invertiblc and linear. We 
are going to show now that ([7]), and ^ hold for locally finite modules. For 
locally finite V and V we choose W 5 v and W' 3 v', objects of V. Then 

Xv(giV'{v (g) v') = Xw®w'{v (g) v') = Xw{v) ® Xw'iv') = Xviv) g) Xv'{v'). 

Hence, the property ^ is satisfied. Also, let a S }iomc{V,V'). Consider v G V 
and W such that v ^ W and dimM^ < oo and of the same kind W' D a(W). We 
obtain that 

Ay o a{v) = Xw' ^ o Xw{v) ^ a o Xyiv). 

We then have ([7]). Moreover, since we have 

do Xviv) = do Xw{v) = A^y(i) (dv) = Ay(i) (dv), 

which imphes Thus, we may say Ay G Auts(V^ ® S). 
Recall that the G-module A is locally finite via 

p:AxG^A, {p{g)f){x)^f{x-g) 

by m Theorem, page 230], where x, 5 G G{B) and f £ A — k{G}. The same is true 
for A(^ A. Consider the multiplication map 

m : A iSi A A, f f ■ h 

which is G-equivariant, because each g G G{B) is a (B-linear) algebra automor- 
phism oi A® B. According to © and ([7]) we have 

TO o [Xa ® Xa) ~ mo Xa(^a = Aa o "1. 

Moreover, from ([5]) we conclude that A^ is a (9-k-algebra automorphism A ^ A. 
We will show that this must correspond to an element in the group. More precisely, 
there exists a differential algebraic automorphism cp : G{B) G{B) such that for 
all / G ^ and g G G{B) we have 

Aa(/)(5) = fMg))- 
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We will show that this morphism Lp is right multiplication by an element of G{B). 
This will show that an element of the group corresponds to Xa- After that we 
demonstrate that the algebra A can be replaced by any G-module. 

For every f e A and g, h ^ G{B) we have A{f ){g, h) = f{gh). Take any / G A 
and g,x,y £ G{B). We have 

A o y) = f{xyg) = (id^ ®p{g)) o A(/)(x, y). 

Hence, 

(9) Aop(5) = (id^®p(g))oA. 

Consider the locally finite G-module U := A® A via rij = id^ ®p. Then, by ([9]) the 
map A is G-equi variant for p and ru . From ([7|) we have AoA^ = A[/oA. Because 
of ([6|) we obtain that 

A(7 = A^.idA ® ^A,p = id(g)AA,p, 
because A/ = id and A is k-linear. Thus, 

A o = (id^A^) o A. 

For any f E A and g, h E G we have A o A/i(/)(g, h) = f{(p{gh)). On the other 
hand, 

{id®XA)oA{f){g,h)^f{g^ih)). 

Thus, 

figh) = g^{h). 

Let 

X = (p{e), 

which is a differential algebra homomorphism A ^ B. From this we conclude that 
for any g G G{B) one has ip{g) = gx. Hence, A^ — p{x). It remains to show that 
other automorphisms Xy look the same (completely determined by this element x). 

Consider any V S OhiYleTpo) with the action ry- For any u E V* there is a 
G-homomorphism 

ipu-V^A, V ^ ifiu{v), ipu{v){g) := u{p(g) ■ v), 

where v E V. By ([7]) and the above, we have p{x) o ip^ ^ Xa ° Pu ^ ° Ay. Take 
any g e G{B) and v E V. We then have 

p{x){u{rv{g){v))) = u{rv{gx){v)), 
ipu o Xv{v){g) = u{rv{g) o Xv{v)). 

Thus, 

rv{x) = rv{ex) = ry(e) o Ay = Ay, 
because the elements v, g, and u were arbitrary. □ 

6.3. Recovering the differential Hopf algebra of G. Similar to [HI Sections 
2.5.4-2.5.8] we can recover the Hopf algebra A = k{G} in the following way. In 
addition, we show how to obtain the differential structure on A (see Lemma [7]). 
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First step. We will construct the map ipv from "some representations" of G to the 
algebra A of regular differential functions on G and study main properties of ^jjv- 
Recall that for V & V wc denote F'*-* = k[9]^i Cg) V (non-commutative tensor 
product) and sometimes we write V'^^^ instead of V for convenience. For V £ 
e'b(RepG) and 

vgV, ugV* 

we have the linear map 

(10) ipv ■■ V iSiV* ^ A, tpv{v'Siu){g) = u{rv{g) -v). 

Also we introduce the following map: 

F:V* (y^^^y , F{u){v) = u{v), F{u){d O w) = d{u{v)), vgV. 

Lemma 4. We have the following properties: 

(1) //(?!)€ Home (V,W") then 

tpv ° (id <8><?i*) = ipw ° id) 

as maps o/ F W* — > A. 

(2) We have 

ipvi^w = mo (tpv ® ipw) o c, 
where c : {V (gi W) (gi {V (gi W)* ^ {V (g, V*) (gi {W (gi W*). 

(3) Moreover, 

d{ipv{v O u)) = ipvw {{dv) (8> F{u)) . 
Proof. For v £ V, u G V* , and g gG we have 

Ipv ° (id(8)(j!)*)(w (g) u){g) = ipv{v (j)*{u)){g) = 4>*{u){rv{g) • v) = 
= u{4){rv{g) ■ v)) = u{rwig) ■ (t>{v)) = 
= Ipw o {(p® id){v ® u){g), 
Furthermore, consider w G W and t e VK*. We then also have 
i'V(s,w{v (8) w ig) u (g) t){g) = {u(g) t){rv^w{g) • (« ^ w)) = 

= (u ® t){{rv{g) ■ v) ® (rw(5) • w)) = 
= u{rv{g) ■ v) ■ t{rw{g) ■ w) = 
= mo [ipy (g) 'ip^){[v (g) u) (gi (w (gi t)){g)) = 
= mo [ipY (g) iPiy) o c{v w (g) u t){g). 

Let {ei, . . . , e„} be a basis of V with the dual basis {/i, . . . , /„} and take / e k . 
We have: 

a(Vy(/ • /,))(g) a(/ • /,(rv(.g) • e,)) = 9 (/ • 4) = 

= 5(/)-4 + /-a(4) = 

= 5(/) • f,irv{g) ■ e.) + / • d{f,{rv{g)e.)) = 

= d{f ) ■ V'v(i) (e, fj){g) + / • ^y<i)((aeO ® F{f,)){g) = 

= Vy(i) (9(/-ei)0i^(/,-))(5)- 

□ 
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Second step. Here, we will construct a differential algebra A (that will be our can- 
didate for A) using representations of G as objects of V together with morphisms 
between them and not using any other information from G. 
Let 

V(g>V*. 

yeOb(Repc) 

So, the canonical injections 

iv ■■ V (g> V* ^ T 
are defined. Consider the subspace TZ J- spanned by 

{{iviSd^cf)*) - iw{<j> ® id)) (z) \ V,W & C'b(RepG), <j) E Hom {V,W) , z e V W*} 
We now put A — J- / TZ . For v <eV and u G we denote by 

ay {v ® u) 

the image in A of 

iv {v ®u) . 
So, for any (f) E HomG(V, W) we have 

(11) av{v 1^ (j}* (u)) = awi4>{v) 'E' u). 
Lemma 5. For all v £ V and u V* we have 

(12) aviv^ u) = ay(i){dv 1^ (p*{u)), 
where the morphism 

Proof. Follows from formula pT]) . □ 

Take v e V, w e W, u e V* , t e W*. Let also {vi} be a basis of V and {uj} be 
its dual. Introduce the following operations on A : 

(13) m{av{v ® u),awiw ® t)) — av^w{{v w) (u ® t)), 

(14) d{av{v i^u)) = av(i){dv lEi F{u)), 

(15) A(ay(w ® u)) — ^ ay (wj ® u) (g) av{v (g) Uj), 

(16) S{av{v ® u)) — av'{u 1^ v). 

Proposition 4. T/ie h-vector space A contains a non-zero vector. 

Proof. Let C be the category of differential representations of the trivial differential 
group Ge = {e}. Note that the algebra of Ge is just the differential field k. Let 
V, W £ Oh{C). Choose ordered bases {vi, . . . , u„} and {wi, . . . , Wn} of V and W, 
respectively. Take ay(wi (8) uj) and aw{0 'Si W2). Consider the linear map: 

4> : V ^ W, V2 W2, t— » 0, i 7^ 2. 

We have <j>*{w^) = v^. Then, 

av{vi (g) V2) = ay(wi (g) (j)*{w2)) = avy(0 g) ^2) = 0. 

Let now ^ v E V and ^ w E W. Without a loss of generality we may assume 
that V — vi and w — wi. Consider the linear map 

(f) : V ^ W, vi 1-^ wi, Vi 1-^ 0, i 1. 
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We have <p*{w*) — v* . Then, 

aviv €5 V*) = av (v 1^ (j)*{w*)) — aw{w (g) w*). 

Thus, if for the trivial representation 1 — span^^le} then 

•^Ge = span^ {ai(e (g) e*)} . 

But ai(e (g) e*) ^ in Aq^ ■ The vector space Aq^ is just the quotient of ^ by the 
subspacc generated by the relations coming from all possible morphisms (f> : V ^ W. 
And the latter subspace is not the whole ^ as it has been shown above. Since 
there is a surjective linear map A — > Aoe > this implies that A contains a non-zero 
vector. □ 

Lemma 6. The definition ofm is correct and provides a structure of a commutative 
associative algebra on the k.-vector space A and the unit 1 is given by the trivial 
representation 1 . 

Proof. Consider morphisms : V — > X and (p2 '■ W ^ Y as G-vector spaces and 
vectors 

v€V, u€V*, wgW, t€W*, xgX*, y€Y* 
such that (pKx) — u and (t>2{y) = t. We then have: 

av{v ® u) • aw{w (g) t) =ay(u ® (t^lix)) ■ awiw g) (pliv)) = 

= ax(0i(w) g) x) ■ aY{(})2{w) ®y) = 
= ax<g,Y{{.<l>i{v) ® (j)2{w)) ® {x®y)) = 
= ax®r((</'i 02)(v (8) w) (8i (a; (8> y)) = 
= avis,w{{v (8) t«) <8) (u (g) t)). 

We now prove that the multiplication is associative and commutative. Consider 
the morphism 

e Hom(V(g) IV, W(g> V), v^wi-^w^v. 

We then have 

aviv (g) u) ■ awiw (g) = av^wHv w) (g) (u (g t)) = aw®v{{w (g i)) <g) (i ig) u)) = 

= awiw 1) ■ av{v u). 

So, the multiplication is commutative. 

For X e Ob(Rep(3) and x € X, y e X* we also have 

(ay (u (g) u) ■ awiw (g) t)) ■ axix®y) = 

= av®wiiv (g w) (m t)) ■ axix^y) = 

= a{v®w)®xiiv w) (g x) (g iit ®u)® y)) = 

= o.v®{w®x)iiv i^iw® x)) (i (« y))) = 

= aviv 1) ■ awisixiiw a;) (u y)) = 

= aviv u) ■ iawiw 1) ■ axix y)). 

We have shown that the multiplication is associative. 

Let 1 be the trivial representation of the group G and e € 1, / G 1*, /(e) = 1. 
We have the morphism 

G Hom(V, y (g 1), v>-^v^e. 
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Then 

aviv ® u) ■ ai(e ® /) = aytgiiiiv ® e) ® (u ® /)) = avm{(p{v) (X) (u ® /)) = 
= ay(w (X) ® /)) = ay(w ® m). 

Thus, „4 is a commutative associative algebra with unity. □ 

Our main goal is to recover the differential Hopf algebra A. We give a differential 
structure on A and then show that this structure corresponds to the one of A. Let 
us describe the intuition behind the construction we are going to present. 

We are recovering a subgroup of GL„ . Let us denote the corresponding matrix 
coordinate functions by j/y. We must be able to: 

(1) differentiate these functions yij obtaining y[j, . . . , y^j^\ . . . ; 

(2) multiply the results of this differentiation and stay in the algebra. 

For bases wi, . . . , w„ and wi, . . . , u„ of and V* , respectively, the coordinate func- 
tions mapping G ^ k are given by 

yiji.9) = i^vivr ® Uj){g) = Uj{rv{g) ■ v^), 

where g G G. The candidates for these functions in A are, certainly, av{vi®Uj). Our 
correspondence between A and A must preserve differentiation. So, y[j corresponds 
to d[av{vi ®Uj)) which we still need to define. 

Moreover, such a definition must leave us in the same category and satisfy the 
product rule for differentiation. We also notice that since y , . . . , y^-j' , . . . and 

y^if ' Vki ^"^6 monomials, we should preserve this property for d"^ {av{vi ®Uj)) ■ 
{avivk ®ui)) . These ideas are implemented in Lemma [7] and Theorem [31 

Lemma 7. The natural differential structure on A introduced in formula (jl4p 
makes it a d-h-algebra. 

Proof. First of all, recall that 

d {av{v ® u)) = ayii) {{dv) ® F{u)). 

Recall also that we let F{u){dv) — d{u{v)) for any v V and u V* . We need to 
show its correctness with respect to the morphisms. Let t e W* . We have: 

d{aw{(l){v) ® t)) = a^d) (^(^(w)) F{t)) = a^w F{t)) = 

= avw {dv (g) <p*{F{t))) = d{av{v (p*{t))) 

for a morphism (f> : V ^ W that we naturally prolong to a morphism (/) : V^^^ — > 
mapping dv ^-> d{(j){v)). Hence, the differentiation is correct. 
We need to show the product rule. We have: 

d {aviv (8) u) ■ aw{w ®t)) — d {av(^w{{v ® w) ® (m t))) = 
= a(V0W)W {d{v (X) w) (X) F{u (g) t)) = 

= ava)(g,ww {{dv ® w) ® {F{u) ® F{t)) + (w ® dw) {F{u) ® F{t))) = 
= Oyii) {dv ® F{u)) ■ aw{w ® t) + ay(u ® u) ■ a^(i) {dw F{t)) = 
= {dav{v u)) ■ aw{'w + av{v ® u) ■ {daw{w <S> t)) , 
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where we have used the morphism: 

^ : I ® X ® z ^ {I ® x) ® {I ® z), 
ij) : d®x® z ^ (dx) ® z + x® {dz). 

Its dual 
maps 

F{u)<S)F{t) ^ F^u^t) 

Indeed, 

^*{F{u) ® F{t)){l ®x®z)^ {F{u) ® F{t)){{l ®x)®{l® z)) = 
= F{u){l I® x) ■ F{t){l (g) z) = u{x) ■ t{z) = F{u ® t)(l ®x®z) 

and 

^*{F{u) ® F{t)){d ®x®z) = {F{u) ® F{t)){dx ®z + x® dz)) = 
= F{u)idx) ■ F(t)(l ®z) + F{u){l ® x) ■ F{t){dz) = 
= d{u{x)) ■ t{z) + u{x) ■ d{t{z)) = d{u{x) ■ t{z)) = F{u ®t){d®x® z). 

□ 

Third step. Now, we can show that the differential algebra A we have constructed 
is what we were looking for. 

Lemma 8. Let C be a rigid ahelian tensor category with a tensor h-linear functor 
Lu : C V then 

End^(cj) = Aut®(w). 

Proof. We expand the proof that appears in [H Proposition 1.13]. Let A : w — > w. 
For each X € C there exists a morphism tx ■ — > uj{X)* such that the 
following diagram is commutative: 

to{X*) L0{X*) 

— ^ ^ 

u{X)* L0[X)* 

The category V is rigid. So, for aU J7, V e Ob(V) we have Hom ft/, y) ^ IIom(F*, [/*). 
We then let /^x := (ix)* : For any / : X — » F the following diagram 

commutes: 

Y > Y* — ^ u{Y*) uj{Y*) 

\f [r [^in [^in 

X > X* — ^ uj{X*) uj{X*) 
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Gathering all commutative diagrams together we obtain that /x — (fix) G End (w). 
We now show that /i ~ X^^. We have 

X*^X — ^ uj{X*®X) ^£1^ u;{X*(E)X) 

The evaluation morphism takes f ® x ^ ^{^Y ® '^{^) evaluates providing 
f{x) G 1^(1) as its output. Take any y e '-^^{X)* and x e Then 

{y,^lx °Xx{x)) = (ix(y), Ax(a;)) = [ipoXx- o Lp-^{y),\x{x)) = 

= ev^(X) o{lp ® id) o (Ax- ® \x){(p^^iy), x) = 

= ev^(X)°('^®id)oAx-(»x('^"^(y),a:^) = {y,x) 

and as a result Xx is injective. Thus, Xx is also surjective and /ix is its inverse. 
We can show this differently: 

(y,Ax o fJ.x{x)) = ev^(x) o{(p id) o fix-- (gixi'P''^ (y), x) = {y,x) 

as e End^(w)(i?). □ 

The proof of the following result that we give differs from the similar one in [14j . 
Our goal was to provide a correct differential structure. Also, if one follows our 
proof in a non-differential case one finds that it does not depend on char k . For this 
commutative case the change (in comparison to }14j ) that we make is at the end of 
the proof where we take the "generic point" . 

Theorem 3. We have 

(1) the algebra A is a finitely generated d-Vi-algebra; 

(2) there is a surjective d-h-algebra homomorphism $ : ^ — > A such that 

$ o ay = t/jy 

for all differential G-modules V , where -ijjy is defined in formula (|10p ." 

(3) the map $ is a d-\i-algebra isomorphism A A. 

Proof. Let V £ C'b(RepQ). Fix a basis {ui, . . . , m„} of V*. Since A is locally finite 
and 

(j)u, : V Ut{rv{-) ■ v) 
is a G module morphism V ^ A, there is G C'b(RepQ), W C A, and dimM^ < 

00 containing the images of for all i, 1 ^ i ^ n. According to the proof of 
Lemma [3] the induced G- morphism cj) : V VF" is injective. Hence, the map 0* is 
surjective and for u € V* there exists t = {ti, . . . ,tn) £ W" such that u = (j)*{t). 
We then have 

av{v ®u) = av{v ® (f>*{(ti, . . . = awicj^iv) (^i, . . . 

Thus, the differential algebra A is generated by the images of the ay for A D 1^ G 
C'b(Repg.) and dim V < oo. Let V be such a G-submodule of A which also contains 

1 and a finite set of generators of A as a 9-k-algebra. The multiplication on the 
algebra A defines for any I G Zj,! a surjective G-morphism (pi from V^^ onto some 
V{1) e Ob(RepG) with dimV{l) < oo. We then have V{1) C V{1 + 1), because 
1 e t/, and A = Ui^i ^(0- 
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Consider any C'b(RepQ) 3 W C A with dimT4^ < oo. There exists I & Z^i such 
that W C V{1). Since 0; is surjective, we have 

luiaw C lmav{i) C Imaysn- 

Because of the multiphcation structure of A the set Ini ay»i hes in the 9-k-subalgebra 
generated by Imav- Hence, this subalgebra is the whole A. 

The homomorphism <i> of the second statement is constructed as follows. We 
take an element ayiv ® u) and map it to tpY{v,u) for all V E Ob(RepQ). Since 

$ {av{v ® u) ■ aw{w (g) i)) = <i> {av(»wiiv ® w) (g) (m ® t))) — 

= mo (-i/jy (g) ipw) ° c{v ®w,u®t) ~ 
~ mo {tpv ® i'w) (v 1® u,'w 1® t) = 
^ m ($(ay(w ® u)), ^{awiw ® t))) , 

the map $ is a k-algebra homomorphism. Let us show that it is differential. From 
Lemma S] we have: 

$ {d {av{v (g) u)) = 4> (flyd) {dv ® F{u)) = Vyd) (dv «) = 
= d {tpv{v (E)u)) = d ($ {av{v ® u))) . 

We now show the last statement. Let i? be a 5- k-algebra. Consider a point 
^ e Homk[a] B) and V G e'b(RepQ). Fix bases {vi} and {u^} of F and V*, 
respectively. There is an endomorphism Ay oi V (S> B such that 

{Xv{vi),Uj) = Uj(Ay(vi)) = S.{av{vt (g u^)). 

We show now that (Ay | V G OhCRepQ)) satisfies the conditions of Theorem [51 
Let V,W e C'b(Repc). Then we have 

{Xv(g>w{Vi (8) Wj),Ur g) U) ^ C(ay®iy((^'i ® Wj) (g (m^ g) U))) = 

= i^(ay(Wi g) Ur) ■ aw{Wj (g i/)) = 

= ^{av{vi g) Ur)) ■ ^{awiwj g) i/)) = 

= {XviVi),Ur) ■ {XwiWj),ti) = 
= ((Ay (g Avy)(wi (g Wj),Ur g) t;). 

Hence, Ay^iy = Ay g) Avi/- Since ai is the identity in A and C(l-4) — li we have 
Ai is the identity. Let us show the functoriality of (Ay). For a G-equivariant map 
(j) : V ^ W we have 

((Aiy o </>)(«<), tj) ^ S.iawi^Vi) ®tj}) = £.{av{v^®(|)*{tJ))) = 
= {\v{v,),ritj)) ^ {i<lyo \v)iv,),t,). 

Hence, Aiy o (p = (p o Ay. Finally, since {vi\ and {uj} are dual to each other, we 
have: 

{d o Xv{vi),Uj) ^ d{uj{Xv{v,))) ^ do ^{av{vi g) Uj)) 

= S,{dav{vi g) Uj j) = ^{ay(i){{dvi) g) F{uj))) = (Ay(i) (9^^), F(mj)). 
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Moreover, let \v{vi) — X^Cifci'fc- Due to (fT2|) we have: 

{d o Xv{vi), {dvj)*) = {dvj)*{d{cikVk)) = {dvj)*{d{cik)vk + c^kdvk) = 

= Cik = i(av{vi ® V*)) = i (ayd) (dvi ® («*))) = 

We then conclude that A G End'*'^(a;). Since the category Repg is rigid, A G 
Aut®'^(w) by Lemma m 

Take B = A and the generic point ^ = id^ . By Theorem [5] there exists x € 
llomi^[g]{A, A) = G{A) such that Ay = ryix) for ah V G C'b(RepQ). We have 

a; o $ o av{vi Uj)) ~ x o ipvi^i ® uj) — {rv{x)vi,Uj) = 
= {\v{vi),Uj) = £,{av{vi ® Uj)). 

Hence, x o $ = ^ = 'v\j\ . This implies that $ is injective. Since $ is also surjective, 
we obtain that <i> : ^ ^ is a 9-k-algebra isomorphism. □ 

6.4. Recovering A and 5*. We provide a differential Hopf algebra structure to 
A. Let V G Ob(RepQ) and {vi} be its basis with the dual basis {uj} of V* . Recall 
the k-linear map 

K : A ^ A® A, av{v ® u) ^ ^ av{vi ® u) ® av{v ® Ui). 

Lemma 9. The map A is a d-]<i-algebra homomorphism and is a comultiplication. 

Proof. We first check the basis independence. Let {ei, . . . , e„} be another basis for 
V and {/i, ...,/„} be its dual. Hence, there exits a matrix C — {cij) G GL„(k) 
such that Vi = Y^ ^jCji- We then have: 

n n I n \ 

av{vi ®u)® av{v (8) Ui) ~ ^ ay ^ ^jCji <E) u \ (S> av{v <E) Ui) = 

i=l i=l \j=l ) 

n / ^ \ 

= ^ av (cj ® m) (g) ay j w (X) ^ CjiUi j = 

J=l V i=l / 

n 

= ^ ay (Cj ® m) (g) ay (w ® /j). 

We check that it is an algebra homomorphism. We have: 

A(ay(u (g) u) ■ awiw ® t)) = A(ay0vv((^' (g (u (g t))) = 

= ^ ay^vFll^i (Xi Wj) (g (u t)) ® av(g,wiiv w) ® (wi g" ij)) = 
hi 

= ^(ay(i;j (g) m) (g) ay (w (g) Wj)) • (avy(wj g) i) g) avy(w g) tj)) = 

= ay(wi g) u) g) ay(w g) Ui)^ • avi/(wj g) t) g) awiw g) tj) 
= A(ay(i; g) u)) ■ A(avy(w g) t)). 
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Moreover, due to identity (|T2|) and the imbedding 
we have 

d o A{av{v ® u)) = ^ (avii) {dvi (g) F{u)) (g) av{v (E) Ui)+ 
+avivt ® m) (g) ay(i) {dv (g) F{ui))) = 

= ^ (a^/(l) (g) (g ay(i) (9w g) (9^^)*)+ 

+ay(i) [vi (g u) g) ay(i) g) F{ui))) = 

=A(a(ay(z;(gu))). 

We finaUy show the coassociativity: 
idj o A(ay(u g) u)) = ^ A(ay(vi g) u)) g) ay(w g) u^) = 

= ^ I ^ ay (wj g) m) g) av{vi (S)Uj) (g ay(w g) Mi) 

» V J / 

~ ^ flyC^^i g) m) (g I ^ ay(wj g) Mi) (g av{v g) Mj) 
= ^ ay(wi g) m) g) A(ay(w g) m^)) = 

i 

l^idgjA) o A(ay(w(gM)). 



□ 

Lemma 10. T/ie map e : ay (w g) m) i-^ m(m) is a counit for A corresponding to the 
counit of A. 

Proof. We show that e and A satisfy m o (id^ 0e) o A id^ . We have: 

m o (id^ g)£) o A(ay(M g) m)) —mo (id^ 0e) ay(ui g) m) g) ay(u g) m^)^ = 

~ ® "«) • '"i('^)) = 

= ay (^(^^ Wi(w) ■ ^uj — ay(M g) m). 

In addition, e is a differential homomorphism. Indeed, 

e {dav{v g) u)) = e (ayd, {dv g) -^(m))) = F{u){dv) = d{u{v)) = 9(e(ay (u g) m))). 
FinaUy, we show that <& maps e to e. 

e o $(ay(M m)) — $(ay(u g) M))(e) = M(ry(e) • v) = u{v) — <i>(£(ay(u g) m)). 

□ 

Proposition 5. The map ^ : A ^ A is a differential Hopf algebra homomorphism. 
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Proof. We show that A is mapped to A. We have: 
($(g)$) o A(ay(w®w))(5i,52) = 

= ($ (g) $) (^Y^{avivi (g> «) ig) ay (g) Ui)j {91,92) = 

= ^u{rv{gi) ■ Vi) ■ Ui{rv{g2) ■ v); 

i 

A o <P{av{v ^ u)){gi, g2) = u{rv{9i ■ 92) ■ v) = 
= u{rv{9i) ■ irv{92) -v)). 

Let rv{92) ■ V = X^CjWj. Then 

^u{rv{gi) ■ Vi) ■ Ui{rv{g2) ■ v) = ^u{rv{gi) ■ Vi) ■ Ui ^cjVj 

i i \ 3 

= ^u{rv{gi) - Vi) -Ci = 

i 

= ^w(ry(3i) • CiVi) = 
i 

= u{rv{9i) ■ {rv{92) ■ v)). 

RecaU the k-hnear map 

S : A ^ A, ay (w eg) m) 1-^ ay (u eg) w). 

Lemma 11. The map S is a d-k-algebra homomorphism and together with A gives 
a differential Hopf algebra structure on A. 

Proof. Let {vi, . . . , Vn} be a basis of V and {vl, . . . , f * } be its dual We show that 
S commutes with d : 

d (^S{av{vi «) V*))) = diav^v* ® Vi)) = a(^.)(i, {d{v*) F{vi)) = 

= a(^y^,yy{F(v*) (g) dvi) ^ S (avu) {dv^ (g) F{v*))) = 

^ S{dav{vi®v*)), 

where we use the morphism 

: (y*)^') ^ (^^'0* ' ^''*^ ^ ''*^ ^ ^^"^^^ 

commuting with the G-action. Moreover, S is an algebra homomorphism: 

S{av{v (8 u) ■ aw{w (g t)) = S{av0w{{'v (g w) ig (u (g t))) = 

= ay.(g,vy {{u ig i) (g (u (g w)) = 
= ay {u<Siv) ■ aw {t^w) = 
= S{av{v (g u)) ■ S{aw{w <g t)). 



30 



ALEXEY OVCHINNIKOV 



We show that it respects comultiphcation: 

m o (;S (g) id) o A(av(w (8) u)) = mo (S (^id) ^^(^^ u) (g) oy(w (g) Uj) 

= m ay* (u (g) Wi) g) ay (u (g) Wi) 

= ^ ay.^y((u W) (g) (Wi (g Mi)) = 

= w(w) • a/(e g) /) = 
= £(ay(w g) m)). 

We have denoted a basis of the trivial representation 1 by {e} and its dual by {/}. 
We have also used the morphism V* (E)V 1 mapping m g) u to u{v). □ 

7. Partial differential case 

We have only used elementary ring theoretic properties of k[9] and none of its 
special properties as a left and right Euclidean domain. In particular, all statements 
concerning recovering the differential Hopf algebra from representations hold true 
in the partial case. We just restate Definition [4] for the case of several commuting 
differentiations. 

Definition 9. The category Vk(9i, . . . , dm) over a {di, . . . , c)m}-field k is the cat- 
egory of finite dimensional vector spaces together with the usual operations g), ©, 
*, and additional differentiation functors 

for all m-tuples {pi, . . . ,Pm) £ (^^o)™ ■ 

8. Conclusions 

The results of the previous section allow us to recover a differential algebraic 
group from the category of its finite dimensional differential representations. From 
Proposition [2] this category can be generated by one faithful representation of the 
group applying certain operations of linear algebra and the prolongation functor 
we introduced in this paper. 
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